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Abstract We propose a linear optical protocol to generate Greenberger-Horne-Zeilinger
(GHZ) state under control of a number of controllers in terms of optical elements. The pro-
posed setup involves simple linear optical elements, (N − 1)-photon polarization entangled
state, and conventional photon detectors. We show that the protocol can be successfully
realized with a certain probability.
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Entanglement, in particular the entanglement between distant particles, is not only a key
ingredient for the tests of quantum nonlocality [1], but also an important physical resource
in achieving tasks of quantum computation and quantum communication [2]. Hence, gener-
ation of entangled states and its further applications are immensely important. The power of
entanglement is exploited in a number of quantum communication protocols, such as quan-
tum teleportation [3, 4], quantum secret sharing [5], quantum cryptography [6], quantum
secure direct communication [7–12], quantum cloning machine [13], and so on. These con-
cepts motivated an intensive research in the generation and the manipulation of entangled
states.

For tripartite systems, the W class states and the Greenberger-Horne-Zeilinger (GHZ)
class states are two different important classes of genuine tripartite entanglement. The first
class, the W state, is represented by the state |W 〉 = 1√

3
(|001〉 + |010〉 + |100〉). This state

shows perfect correlations, but the violation is weaker than for the second class GHZ state,
which is represented by the state |GHZ〉 = 1√

2
(|000〉 + |111〉). This state is usually referred

to as “maximally entangled” in several senses, e.g., it violates Bell inequalities maximally.
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The two class states can’t be converted to each other by local operations and classical com-
munications (LOCC) and show different behaviors if one qubit is traced out. As two classes
of important quantum resources, great effort has been taken to studying of entangled state
generation in the past years [14–27]. Among them the cavity-quantum-electrodynamics
(CQED) systems are always paid more attention. This is due to the fact that cold and lo-
calized atoms are not only the source of local entanglement, but also well suited for storing
quantum information in long-lived internal states. For example, In Refs. [14–17], the au-
thors have proposed protocols to generate of multi-particle entangled state in cavity. On the
other hand, due to photons are the natural source for fast and reliable transport of quantum
information over long distances, so many works have been proposed to generate photons
entangled states using optics elements [21–29]. For example, Zou et al. [25] have proposed
a protocol to generate GHZ state of four separate qubits using linear optical elements. Duan
et al. [26] used the analogous approach to prepare entangled states of N atoms. Very re-
cently, Su et al. [27] have presented the first experimental results generating continuous
variable quadripartite GHZ entangled state of electromagnetic fields. The approach based
on indistinguishability was shown to have a lot of advantages, among them the robustness is
the most distinct one.

Controlled teleportation theory, first published by Ref. [30], is to make the quantum in-
formation be regenerated by a receiver via the control of agents in a network. Only when
all agents collaborate, the receiver can restore the original quantum state. If any agent does
not cooperate, the original quantum information cannot be fully recovered. In this point of
view, the controlled teleportation is safer than its ordinary counterpart. Motivated by this
protocol [30], we propose an alternative protocol to prepare GHZ state with linear optical
elements and conventional photon detectors. The realization of this protocol is appealing
due to the fact that quantum state of light is robust against the decoherence and photons are
ideal carriers for transmitting quantum information over long distances.

In this paper, we consider generation of the GHZ state within a network consisting of
an arbitrary N ≥ 3 remote parties named P1,P2, . . . ,PN : a known polarization photon GHZ
state needs to be prepared between any two parties under control of all the remaining parties.
For convenience, in the revised version we will quote some descriptions and notations in the
original protocol [31, 32].

Without loss of generality suppose that P1, PN , and P2,P3, . . . ,PN−1, are the generation
parties and controllers, respectively. Before performing the network generation protocol, the
parties P1,P2, . . . ,PN−1 should share an (N − 1)-photon entangled polarization state of the
form

|�〉12...N−1 = 1√
2
(|H 〉⊗N−1 + |V 〉⊗N−1)12...N−1, (1)

which photons 1,2, . . . ,N − 1 are in possession of P1,P2, . . . ,PN−1, respectively. PN have
two photons, a photon in the horizontal polarization state |H 〉 and another in the vertical
polarization state |V 〉.

If PN and Pk [(k ∈ {1,2, . . . ,N − 1}) one of the N − 1 parties PN−1] want to generate
GHZ state, they need the help of other parties Pm (m ∈ {1,2, . . . ,N − 1} and m �= k). With-
out the help of the controllers Pm, the controlled generation protocol failed, even through,
only one of the controllers not agree to help PN and Pk , the protocol failed too. In this paper,
we suppose that all the controllers Pm agree to help PN and Pk (for example P1) to generate
the GHZ state, they take some operations on their photon shown in Fig. 1.

Firstly, the controller (P2) first sends his/her photon 2 pass through a quarter-wave
plates (QWP), whose action is given by transformation |H 〉 → 1√

2
(|H 〉 + |V 〉) and |V 〉 →
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Fig. 1 Schematic diagram for
controlled preparation of GHZ
state within a network. D1(2) is
conventional photon detector,
PBS is polarizing beam splitter,
HWP is half-wave plate, U is the
π/2-phase shift P

1√
2
(|H 〉 − |V 〉). After QWP, the state of the channel (1) changes into

|�〉12...N−1 = 1

2
{|H 〉2(|H 〉⊗N−2 + |V 〉⊗N−2)134...N−1

+ |V 〉2(|H 〉⊗N−2 − |V 〉⊗N−2)134...N−1}. (2)

Then he/she sends the photon 2 pass through a PBS, which transmits horizontal |H 〉 polar-
ization and reflects vertical |V 〉 ones. At the outputs of PBS we obtain

|�〉12...N−1 = 1

2
{|H 〉A′

2 (|H 〉⊗N−2 + |V 〉⊗N−2)134...N−1

+ |V 〉B ′
2 (|H 〉⊗N−2 − |V 〉⊗N−2)134...N−1}, (3)

where A′ and B ′ are output paths of PBS, as is shown in Fig. 1. In order to realize con-
trolled generation, P2 performs a measurement with the conventional photon detectors (see
Fig. 1). P2 will inform P1 of his/her measurement result C via a classical communication.
If his/her measurement result is |H 〉, C = 0; if the measurement result is |V 〉, C = 1. The
communication costs is 1 cbit since there are two possible results. After that, All the other
controllers repeat this process for the photons 3,4, . . . ,N −1, respectively, and inform P1 of
their measurement results Cn (n = 3,4, . . . ,N − 1) via classical communication. The total
communication costs are N − 2 cbits.

P1 carries out the following calculation:

C23...N−1 = C2 ⊕ C3 · · · ⊕ CN−1, (4)

where the ⊕ denotes an addition mod 2. If C23...N−1 = 0, the channel in (1) will be trans-
formed into

|�〉1 = |H 〉1 + |V 〉1; (5)
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Fig. 2 Schematic diagram for
generating of GHZ states with
linear optical elements. BS1, BS2
and BS3 denote 50:50 beam
splitters and R90 denotes a
quarter-wave plate

if C23...N−1 = 1, the channel in (1) will be will be transformed into

|�〉1 = |H 〉1 − |V 〉1, (6)

which can be transformed into (5) by applying a π/2-phase shift P to change the sign of the
polarization state |V 〉.

After the above operations, the state of photon 1 in (7). After normalization, the state
in (7) will be

|�〉1 = 1√
2
(|H 〉1 + |V 〉1). (7)

The principle of our scheme for generating a three-photon GHZ state is shown in Fig. 2.
P1 injects his/her photon into the first 50:50 beam splitter (BS1) from the mode a. PN sends
his/her photons into the BS1 from the mode b. The whole state of the three photons is

|�〉1 = 1√
2
(|H 〉 + |V 〉)a|HV 〉b, (8)

in which the numbers a and b in the subscript are the spatial modes a and b of BS1, respec-
tively. The modes a and b are mixed at the BS1, whose reflectivity and transmissivity are
independent of polarizations. The BS1 with the state transformation

a+
a,j →

√
2

2
(a+

c,j − a+
d,j ), (9)

a+
b,j →

√
2

2
(a+

c,j + a+
d,j ), (10)

where j = H,V and a+
a,j and a+

b,j denote the creation operations of the output and input
modes a and b.

After passing the BS1, the whole state of the three photons evolves to be

|�〉1 = 1√
2
(|H 〉 + |V 〉)a|HV 〉b

→
√

2

4
(|2H 1V 〉c|0〉d + |2V 1H 〉c|0〉d + |0〉c|2H 1V 〉d + |0〉c|2V 1H 〉d

+ |2H 〉c|1V 〉d + |2V 〉c|1H 〉d + |1H 〉c|2V 〉d + |1V 〉c|2H 〉d), (11)
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where |2H 1V 〉c stands for the state of two horizontally polarized photon and one vertically
polarized photon of mode c; |0〉d means that there is neither a vertically polarized nor a
horizontally polarized photon of mode d . From (9) we know that there are four possible
cases after BS1: (1) all photons in mode c, (2) all photons in mode d , (3) a photon in mode c

and two photons in mode d , (4) two photons in mode c and a photon in mode d .
We only consider those terms that contain two photons in the mode c and one photon in

the mode d or vice versa to generate a three-photon GHZ state. Clearly, only these terms
contributes to the successful operation. Therefore, if we postselect the successful events,
after the BS, (11) changes into

|�〉3 = 1

2
(|2H 〉c|1V 〉d + |2V 〉c|1H 〉d + |1H 〉c|2V 〉d + |1V 〉c|2H 〉d), (12)

with the probability Ppro1 = 50%. After the BS2 and the BS3, (BS2 and BS3 are the same as
that of BS1 in this paper) and we consider only those terms that the three photons come out
of the two BSs from three different modes, we obtain a useful output state as follows:

|�〉4 =
√

2

8
(|H 〉e|H 〉f |V 〉g + |V 〉e|V 〉f |H 〉g + |H 〉e|H 〉f |V 〉h + |V 〉e|V 〉f |H 〉h

+ |H 〉e|V 〉g|V 〉h + |H 〉e|V 〉g|V 〉h + |H 〉f |V 〉g|V 〉h + |V 〉f |H 〉g|H 〉h), (13)

with the probability Ppro2 = 50%.
With a quarter-wave plate R90 which is used to complete the transformation |H 〉 ↔ |V 〉

after the mode e and another after the mode g, the output state becomes the standard GHZ
state

|�〉5 = 1

4

[
1√
2
(|H 〉e|H 〉f |H 〉g + |V 〉e|V 〉f |V 〉g)

+ 1√
2
(|H 〉e|H 〉f |H 〉h + |V 〉e|V 〉f |V 〉h)

+ 1√
2
(|H 〉e|H 〉g|H 〉h + |V 〉e|V 〉g|V 〉h)

+ 1√
2
(|H 〉f |H 〉g|H 〉h + |V 〉f |V 〉g|V 〉h)

]
, (14)

the total success probability of generating a three-photon GHZ state in |�〉5 is 50%×50% =
25%.

In summary, we have proposed a protocol to prepare photon GHZ state within a network,
based on multiphoton interference, ancillary entangled photon states, and conventional pho-
ton detectors only to distinguish the vacuum and nonvacuum Fock number state. Let us
briefly discuss the characters of our protocol. Firstly, the protocol presented here requires
the conventional photon detectors only to distinguish the vacuum and nonvacuum Fock num-
ber state. A sophisticated single-photon detector distinguishing one or two photon state is
unnecessary. Secondly, the setup is absolutely passive linear optics without the use of fast
polarization modulator. Thirdly, if and only if all the controllers agree to cooperate with P1

and PN , the controlled protocol can be realized. Without the help of the controllers, P1 and
PN can not generate the photon GHZ state, so the protocol failed. In this point of view, the
present protocol is safer than its ordinary counterpart.
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In an experimental scenario, our encoding circuit based on postselection strategy has
been demonstrated experimentally in Refs. [33, 34] and recently developed quantum dot
techniques might eventually provide a triggered source of entangled photon pairs [35,
36]. Experimental techniques for single-photon detection have made tremendous progress
[37–39]. What we used also consists of linear optical elements and photon detectors, which
have been widely used to entangle photons. In particular, the similar optical setups have
been used to successfully prepare W (GHZ) states of photons in experiment [40, 41]. But,
experimental difficulty with the present protocol should be point out. The protocol is based
on the interference of photons from modes a and b. This requires that they must arrive si-
multaneously at the beamsplitter to an accuracy of a fraction of the coherent length. But this
requirement is also met in multiphoton experiments [41–43], and has been solved by locking
the pathlength. The second challenge is that our protocol requires the deterministic entan-
gled photon states as input source. From Refs. [44, 45] we know that an encoding circuit
based on postselection strategy has been demonstrated experimentally [33, 34], where para-
metric down-conversion was used to generate an entangled pair of photons. But the pairs
are created at random times, so that such a source cannot be used in the present scheme.
Recently developed quantum dot techniques [35, 36] might eventually provide a triggered
source of entangled photon pairs. Thirdly, in terms of practical applicability, our demon-
stration of the protocol still has some limitations, for example, the imperfection of optical
elements and entangled state sources. We hope that with the development of technology in
experiment it may be possible to implement the protocol with ease.
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